The definition of the electric energy procurement plan represents a fundamental problem that any consumer has to deal with. Bilateral contracts, electricity market and self-production are the main supply sources that should be properly combined to satisfy the energy demand over a given time horizon at the minimum cost. The problem is made more complex by the presence of uncertainty, mainly related to the energy requirements and electricity market prices. Ignoring the uncertain nature of these elements can lead to the definition of procurement plans which are infeasible or overly expensive in a real setting. In this paper, we deal with the procurement problem under uncertainty by adopting the paradigm of joint chance constraints to define reliable plans that are feasible with a high probability level. Moreover, the proposed model includes in the objective function a risk measure to control undesirable effects caused by the random variations of the electricity market prices. The proposed model is applied to a real test case. The results show the benefit deriving from the stochastic optimization approach and the effect of considering different levels of risk aversion.
Introduction
In recent years, commercial and industrial businesses are actively looking for effective ways to reduce energy usage and associated costs. Besides the shared concern towards the dramatic climate changes that has been leading governments to promoting the deployment of renewable energy technologies [1] , the reduction of electricity costs represents a key factor to survive and compete in a global marketplace.
In this paper, we analyze the problem faced by a large consumer, equipped with a limited self-production facility, who has to define the optimal electric energy procurement plan over a given time horizon. The same problem, here further investigated, has been addressed by the authors in [2] (the present contribution is an extension of a conference paper that appeared in Energia Procedia, vol. 136, pp. 283-289, 2017). Referring to future time, the procurement process is clearly affected by uncertainty, mainly related to the electricity prices and demands which are unknown when the commitment decisions should be undertaken. Uncertainty in electricity prices can be dealt, in principle, by using two approaches. The first one is related to the demand response programs (see, for example, [3, 4] ), which, however, can not be applied in the case of production processes with a limited flexibility.
The second one relies on bilateral contracts, i.e., agreements signed in advance with pre-defined unit prices. In this case, the risk associated with price variation is absent, but the procurement costs are typically higher. Moreover, power contracts require the consumer to commit far in advance the amount to purchase for a given time period. The decision to purchase electricity from the market can be taken in a shorter term, one day in advance or even less (i.e., real-time), but this flexibility carries on the risk of increased volatility. It is evident that only a perfect mix of the procurement alternatives (self-production, bilateral contracts, and energy market) can provide the best results. The problem is made much more challenging by the presence of uncertainty that can not be ignored. Indeed, solutions based on deterministic estimates can result in infeasible procurement plans due to stochastic demands and/or to high costly and risky strategies.
This paper proposes the use of the chance constraints paradigm to address the procurement problem under uncertainty. Dating back to Charnes and Cooper [5] , chance constraints represent and old but still modern topic in optimization, used to model many problems arising in the energy sector (see, for example [6] [7] [8] [9] [10] ). The main idea is to "relax" the stochastic constraints, requiring their satisfaction with a predefined reliability value. The chance constraint paradigm belongs to the more general framework of stochastic programming (see, the textbooks [11, 12] ), but, differently from the recourse strategies, it has not been used to model stochastic procurement problems.
We note that the scientific literature on the procurement problem analyzed from a consumer's perspective is quite limited. Much more papers address the problem from an electricity producer's point of view (see, for example, [13] [14] [15] and the references therein). Conejo et al. [16] solve a deterministic procurement problem over a medium-term time horizon. The model considers a set of bilateral contracts, hourly changing spot prices and the possibility of self-producing energy. In a subsequent work [17] , the authors address a similar problem for a shorter time horizon and accounts for cost volatility by an estimate of the covariance of the spot price.
While the contributions propose deterministic approaches, uncertainty affecting model parameters is accounted in [18] by the use of an Analog Ensemble approach. This technique provides reliable and bias-calibrated forecasts to include into the optimization problem. Much more related to our approach is the contribution by Carrion et al. in [19] who apply the stochastic programming framework, but in the form of multistage, to address the procurement problem over a medium-time horizon. The uncertain evolution of the day-ahead electricity price is represented by a scenario tree and stage-wise decisions refer to the amount to purchase from the market and self-production that, unlike the commitment from the bilateral contracts, can be deferred in time. The model also includes a risk measure, the Conditional Value at Risk (CVaR), which is used to evaluate the clear trade-off between expected cost and risk. A similar trade-off is also investigated by Zare et al. [20] by the use of the information gap theory with the aim of evaluating the robustness of the solutions against high spot prices or high procurement costs. Beraldi et al. propose in [21] a recourse two-stage formulation for the procurement problem over a short-term planning horizon. The problem is solved in a rolling-horizon fashion using each time the more updated information. More recently, Beraldi et al. [22] analyze the procurement problem from the perspective of an aggregator, seen as the entity responsible to manage the distributed energy resources shared within a coalition, and propose a multi-period two-stage stochastic programming formulation.
The present contribution represents an extension of the conference paper presented at the International Conference on Energy and Environmental research (ICERRR), Porto 2017, and appeared in [2] . With respect to the referred scientific literature, the paper proposes the adoption of the paradigm of chance constraints to deal with the uncertainty clearly affecting the load profile to define a reliable procurement plan. Moreover, the proposed approach accounts for the volatility in the market prices by a mean-risk approach, optimizing the weighted sum of the expected cost and a risk measure represented by the CVaR. In this way, by varying the weighting factor, different procurement plans, reflecting a different aversion towards risk, may be derived to provide the decision maker with different strategies to evaluate also on the basis of his experience. With respect to the conference paper [2] , the proposed approach is refined and additional computational experiments have been carried out to further investigate the validity of the approach also on the basis of an out-of-sample analysis.
The rest of the paper is organized as follows. Section 2 introduces the problem and presents the stochastic programming model. Section 3 presents the reformulation of the problem under the assumption of discrete random variables. Section 4 reports on the computational experiments carried out to investigate the validity of the proposed approach on a real test case. Section 5 discusses the main findings on the basis of the collected results and recommended managerial insights. Finally, concluding remarks and future research directions are summarized in Section 6.
Problem Statement and Formulation
We consider the problem faced by a large consumer who has to define the optimal procurement plan to satisfy the electric energy needs over a given time horizon. We denote by T the set of periods of the planning horizon, indexed by t, and we assume that the consumer has a self-production facility of limited capacity (e.g., a cogeneration unit and/or a renewable energy system) that can be used to partially cover the energy demand. The main supply options that the prosumer (i.e., the consumer acting also as producer) has to evaluate are represented by the bilateral contracts and electricity market. We denote by N the set of potential bilateral contracts. For each contract i ∈ N , the consumer has to decide in advance the amount to commit for each time period t. We denote by z i a binary decision variable related to the selection of the contract i and by x it f the amount to purchase from contract i at the time period t. We let this latter variable depend on the time-of-use f to represent the most general situation experienced in many electricity market where a price variation is registered in the different hours of the day. For example, in Italy, three time-of-use blocks are considered: peak, intermediate and off-peak. We denote by F the corresponding set, indexed by f . The price of bilateral contracts B it f is pre-defined in advance when the agreement is signed. For generality, we also consider a fixed cost, denoted by FB i , to account for all administrative expenses.
Electricity market represents the other supply alternative to take into account when defining the procurement plan. We denote by y t f the amount of energy to purchase in the Day-Ahead Electricity Market (DAEM) for each time period t and block f . We also add, for generality, the decision variables w t f denoting the amount of energy to eventually sell, if leftover, to the market. The market purchasing and selling prices are not known in advance since many factors contribute to their variation. We assume that these prices are random variables defined on a given probability space (Ω, F, IP) and we use the dependence on ω to denote their random nature. Thus, we denote by P t f (ω) and R t f (ω) the purchasing and selling prices, respectively. Besides prices, also the energy needs are unknown when the procurement decisions should be taken. We denote by d t f (ω) the random electricity requirement for the period t and time-of-use block f .
For generality, we also consider a set of decision variables related to the self production. In particular, we denote by q t f the amount to produce at period t and time block f . Moreover, we indicate by Q t f the upper bound on the production capacity and by PC t f the unitary production cost. Appendix A reports the full list of symbols.
The random nature of some of the parameters involved in the decision process calls for the definition of an optimization model explicitly accounting for the stochastic constraints and objective function.
Constraints
The proposed model includes stochastic and deterministic constraints. The first ones are related to the satisfaction of the random demand over the entire planning horizon. We deal with these constraints by adopting a reliability approach to define a procurement plan robust enough to hedge against unfavorable events that may occur in the future. We observe that the commitment decisions should be taken in advance without knowing the exact demand profile. A conservative approach would suggest to take as reference the worst-case situation that may occur, accepting to incur a cost unnecessary high. Conversely, using an average demand profile might result in an infeasible procurement plan if the realized demands are higher than estimated average ones. In such a case, the recourse to the balancing market is required to fulfill the demands, but with much higher costs. Chance constraints provide the way to mathematically translate the position of a decision maker who is willing to accept a shortage in the demand satisfaction as long as this event occurs only with a limited probability value. Thus, the procurement plan is defined to satisfy the following constraints:
Here, the parameter α ∈ (0, 1) reflects the decision maker attitude towards the risk of shortage. Clearly, the higher the value the safer, but more expensive, the suggested procurement plan. We observe that Equation (1) represents the joint form of the classical chance constraints formulation: they jointly require the satisfaction of the demand for all the periods and time-of-use blocks rather than imposing many single chance constraints for each period and time block combination. The satisfaction of single chance constraints with a given confidence level does not necessarily guarantee the joint satisfaction of the constraints with the same reliability value.
The definition of a feasible procurement plan is also limited accordingly the next deterministic constraints:
Constraints in Equation (2) limit the amount of energy q t f that the consumer might self-produce. This amount limits, in turn, the amount of energy that the consumer might sell to the market (Equation (3)). Constraints in Equations (4) and (5) are related to the bilateral constraints. In particular, we impose a limit K on the maximum number of contracts that can be selected. For each selected contract i, Equation (5) imposes a lower (L it f ) and upper bound (U it f ) on the amount of energy that can be purchased. Finally, constraints in Equations (7) and (8) state the nature of the decision variables.
Objective Function
The optimal plan should be defined to minimize the overall procurement cost TC(ω). The straightforward way to deal with the random cost is to consider the expected value. In this case, the objective function assumes the following form:
Here, the first term represents the cost for self-producing energy, the second one quantifies the amount paid to purchase electricity from the bilateral contracts, and the last term accounts for the market expenses. The revenue deriving from the sale, if any, is accounted with the opposite sign.
Expected value indicates a neutral risk position. However, minimizing the average cost in the long run may not always be the right choice from a practical perspective since several and high variations in the market prices may have a strong negative effect on the consumer's financial state. Under uncertain market conditions, minimizing a risk measure could be an important issue to evaluate and properly integrate in the model. There are many risk measures widely used in practice, such as variance, shortfall probability, downside risk, Value at risk (VaR). We refer the interested readers to the survey paper [23] and the references therein. In this paper, we choose as risk measure the CVaR.
For a given β ∈ (0,1), the CVaR β is defined as the expected loss greater than the β-quantile of the loss distribution (VaR). Since its introduction by Rockafeller and Uryasev [24] , the CVaR has become very popular because of its ability to consider the probability density in the tail of the distribution, its mathematical properties of being a coherent risk measure [25] , and the ease of incorporation in stochastic optimization model. In our problem, we consider the cost distribution and we focus on the right tail, considering costs having a higher value of the β-quantile of the cost distribution. Thus, the CVAR for a given confidence level β is defined according to the following equation: Our model integrates expect cost and risk by a bi-objective given approach according to the expression:
The weighting factor λ ∈ (0, 1) can be used to specify which objective should be more emphasized. The smaller is λ, the more risk averse is the solution, since a higher weight is assigned to the CVaR. If λ = 0, only the CVaR is considered. On the contrary, when λ is set to 1, a risk-neutral position is modeled. By varying λ, different plans reflecting a different aversion towards risk may be derived to provide the decision maker with different strategies to evaluate based on his experience and knowledge of the application domain.
Dealing with Joint Chance Constraints and Risk
The proposed model belongs to the class of mixed-integer problems under joint chance constraints and integrates in the objective function the CVaR risk measure. In what follows, we show how to deal with this problem when discrete random variables are considered. We point out that the assumption on the nature of the random variables is quite general. Many random variables are discrete by nature or are approximated as discrete ones (by taking, for example, a Monte Carlo sample from a general distribution) to overcome the difficulties related to the solution of multidimensional integrals. The discrete nature of the random variables and of some of the decisions variables (those related to the selection of the contracts) makes the problem very challenging. The study of the scientific literature shows that there is an increasing attention towards this class of problems, with much emphasis on the definition of solution approaches, both exact and approximate. We refer the interested readers to [26] [27] [28] and the references therein.
From now on, we shall assume that the discrete random variable can take a set S of possible realizations. For all the random variables, we use the superscript s to refer to the generic realization s and we denote by π s the corresponding probability of occurrence. In this case, the probabilistic constraints in Equation (1) can be reformulated (see, for example, [29] ) according to the expressions:
where γ s are scenario dependent binary support variables and d s t f denotes the demand for the time period t and block f under scenario s. Obviously, the number of scenarios affects the computational tractability of the deterministic equivalent problem, calling for the definition of solution methods that exploit the specific problem structure. We have empirically found that, for the considered test case, the solution times required by off-the-shelf software are still affordable for a moderate size of the scenario set. The design of tailored solution methods is the subject of ongoing research.
We now turn to reformulate the CVaR β . Under the assumption of discrete distribution function, this risk measure can be rewritten as:
where the VaR β represents the β-quantile of the cost distribution and [.] + denotes the maximum value between 0 and (C s − VaR β ). This last term can be rewritten using the support variables η s defined in the following expressions:
The term C s represents the cost under scenario s and it is defined by considering the scenario realization of the purchasing and selling prices accordingly to the following equation:
whereas VaR β represents a free decision variable.
Computational Results
This section is devoted to the presentation and discussion of the computational experiments carried out to evaluate the proposed decision approach. We have considered a real case study consisting in the definition of the procurement plan for the University of Calabria (UNICAL), Italy. With 12 Departments and about 34,000 students, 900 teachers, 760 technical and administrative staff, UNICAL is classified as medium size university with an average annual demand of 20 GWh. The campus has a limited self-production capacity deriving from a conventional production system with a nominal power of 2 MW and a set of small photovoltaic (PV) power plants, whose production reduces the energy demand.
We have considered a time horizon of one year divided in elementary monthly periods. Following the structure of the Italian market, we have considered three time-of-use blocks: peak (F1), intermediate (F2) and off-peak (F3). We have considered a set of 10 bilateral contracts and we have fixed to 8 the value of the parameter K. Table 1 reports the average unit price for each time-of-use block and the fixed costs. The overall set of data, also including the lower and upper bounds on the bilateral contracts are reported in Appendix B. The preliminary step to the model solution is the generation of the required input data. Market price values have been derived by using a Monte Carlo simulation technique, based on a mean reverting process [30] . The choice of this approach has been motivated by the need of taking into account both seasonal effects and tendency of spot market prices to fluctuate around a drift over time. Figure 2 shows the different scenarios for the market price for the time-of-use block F1. The red line represents the real profile, that as evident, falls within the scenario set. As for the load scenarios (shown in Figure 3) , starting from the available historical data, we have determined the average values, properly reduced by the production from renewable systems, and then we have applied random variations within a predefined range. Energy demands have been considered independent from the market prices and the overall scenario set has been obtained by merging the single scenario sets through the Cartesian product. Then, a scenario reduction technique has been adopted ( [31, 32] ) to deal with computationally tractable problems. The results reported hereafter refer to a set of 500 scenarios. Several experiments have been carried out to fully investigate the performance of the proposed approach and to provide managerial insights on the optimal procurement strategies derived as function of the reliability level (α) and the risk aversion attitude (λ). In the following subsections, we present and discuss the results of a broad sensitivity analysis study. We point out that the presented results have been carried out by considering a value of β equal to 0.95. Quite similar results have been also obtained for other values of β and are not reported here, since no considerable variation in the solutions has been registered.
The Impact of the Reliability Level
We have tested the model for different levels of the reliability value α. Figure 4 reports the results for a given choice of the weight λ set equal to 0.5 and a reliability value equal to 0.95.
As evident, the optimal plan suggests different combinations of the supply sources for the different time periods of the planning horizon. For example, for some months, the amount procured from bilateral contracts is higher than the quantity purchased from the market. By varying the α value, the decision maker can mathematically express a more concerned position towards the demand satisfaction. The extreme case of α equal to 1 translates an overconservative position, requiring the constraint satisfaction for every possible demand profile. Clearly, safer plans are more expensive, as shown in Table 2 , which reports the average costs and the CVaR values as function of α.
Looking at the results, we may observe the increase in the expected cost as α passes from 0.85 to 1. We note that, as expected, the CVaR values are always greater than the expected cost ones, since they measure the expected cost in the (1 − β)% of the worst case realizations (i.e., higher costs).
There is clearly a trade-off between cost increase and reliability that the decision maker may be willing to evaluate. Under this respect, the proposed model provides a tool to support the decision-maker to choose the best combination. 
The Effect of the Risk Modeling
Other experiments have been carried out to analyze the effect produced by the choice of the weight λ in the definition of procurement plan for a fixed reliability value. Figure 5 shows the cost distribution for fixed level of α and β equal both to 0.95 and two different values of λ representative of a total risk aversion (λ = 0) and risk-neutral (λ = 1) position.
As evident from the results, when a total risk-averse position is considered, the cost distribution tightens because the decision-maker focuses on reducing the possibility of incurring high procurement costs. In this case, we may note an increase of the expected cost and a reduction of the possibility of bearing lower costs.
On the contrary, when a risk-neutral position is considered, the cost distribution is more dispersed. The decision maker is interested in minimizing the expected cost, accepting the possibility to experience higher costs in a given percentage of possibilities. Figure 6 shows the relation between expected costs and the CVaR for different λ values.
The results confirm that in order to reduce the CVaR, higher expected costs are incurred. Figure 7 indicates the change in the procurement costs, evaluated on the basis of the average market costs, for varying level of risk aversion.
The results (obtained for α = 0.95) reveal that the percentage of costs related to the bilateral contracts tends to decrease when we reduce (by λ) the level of the risk aversion. As expected, the results suggest that a higher level of risk awareness leads to the definition of plans that privilege the bilateral contracts as procurement alternative, whereas, in the case of risk-neutral position, the recourse to the market is increased. 
Out-of-Sample Analysis
Additional experiments have been carried out to evaluate the application of the proposed approach as decision support system in a real setting. To this aim, we have evaluated the proposed plans by considering the real evolution of the market prices and demand requirements. First, we observe that the deterministic model, solved by considering the expected values of the unknown parameters, does not provide a feasible plan when considering the observed values of the energy profile. On the contrary, the proposed approach provides feasible solutions for the different values of α tested. For some periods and time-of-use blocks, the real demand is lower than the α-quantile used in the deterministic reformulation and, thus, the decision maker may decide to sell to the market the amount in excess realizing some profit. Table 3 Looking at the results presented in terms of costs, we may observe that in the case of a risk-averse position, the amount spent for purchasing energy from bilateral contracts and self producing energy is higher. In this case, however, reselling the amount in excess determines a reduction of the costs related to the market (in some cases also a profit represented with the sign minus in the table). Overall, the proposed solutions provide balanced plans in terms of real costs spent to cover the real demand. This conclusion is confirmed by the results collected when solving the problem on the observed realization of the uncertain parameters. In this case, the optimal procurement cost is 334,276.51e. Comparing this value with the cost of the proposed procurement alternatives , we may observe that the maximum saving is around 1.2%. This low value confirms the validity of the proposed approach as proper support to define robust procurement strategies applicable in a real setting.
Moreover, some more experiments have been carried out in order to compare the solutions, in the out-of-sample fashion, provided by the proposed approach w.r.t. those obtained by adopting the approach in [22] . Here, the problem is solved by means of a multi-period two-stage stochastic programming problem, with recourse variables representing the energy amounts to buy/sell on the market in order to guarantee the energy balance. The model has a similar mean-risk objective function structure, again with the CVaR as risk measure. Table 4 shows the overall cost for different values of the risk aversion parameter λ of the two-stage model (2S) and the chance constraint approach (CC). As expected, the greater flexibility guaranteed by the chance constraint formulation allows obtaining less expensive procurement plans, even in a real-life operative context.
Discussion
The results from the real case study show the effectiveness of the proposed approach as a tool for supporting the decision maker in defining the best procurement plan under demand and market price uncertainty. The introduction of the chance constraints and the CVaR allows to jointly investigate and control the effects produced by the two sources of uncertainty and risk. Based on the results, collected on a real test case, some considerations can be drawn.
First, we observe that by varying the reliability level α, it is possible to generate different procurement plans that reflect a different concern towards the demand satisfaction, ranging from more prudent to riskier positions. The necessity of accounting for demand uncertainty is confirmed by the results carried out on the out-of-sample analysis. Indeed, the procurement plan determined when solving a deterministic model, with the expected value of the random demand profile, results infeasible when implemented on the real data. In this case, expensive corrective actions, involving the purchase of energy on the balancing market, must be undertaken to guarantee the demand satisfaction.
Obviously, safety has a price, as highlighted by the increase in the objective function value. Once fixed a proper reliability level, the decision maker may evaluate how the weight attributed to the risk can impact on the suggested plan. The volatility of the market prices generates fluctuations of the overall procurement costs. Risk averse decision makers are willing to minimize the risk measure to provide procurement strategies which are less sensitive to the price variation. In this case, the expected cost can be higher, but the possibility of incurring high procurement costs is reduced. On the contrary, risk-neutral position aims at minimizing the expected cost only, leaving aside what happens in the tail of the cost distribution.
The most remarkable insight drawn from the analysis of the overall results is that, to determine solutions that can be applied in a real setting, uncertainty should definitely be incorporated into the optimization process. The additional comparison with a recourse based stochastic programming approach confirms the effectiveness of the chance constrained formulation and seems to provide, at least on the considered case study, slightly better results. Under this respect, the proposed approach can be seen as a valuable tool to support the decision maker in identifying the best procurement strategy.
Conclusions and Future Research Directions
In this paper, the energy procurement problem under uncertainty is modeled by integrating the paradigm of joint chance constraints and the CVaR risk measure. Bilateral contracts, energy market and self-production are the main supply sources that should be properly combined to satisfy the energy profile and minimizing the overall costs. The proposed approach helps the decision maker to identify the procurement strategy and evaluate its robustness against variation in the demand and market prices. The results shows the validity of the proposed approach when implemented on a real case study. We point out that the definition of the amount to purchase from bilateral contracts is preliminary to the problem that a consumer, eventually integrated within a coalition, should solve to optimally manage the available resource on a short-term planning horizon. The integration of the procurement and management problems within a decision support tool is the subject of the ongoing research [33] . Author Contributions: The work presented in this paper is a collaborative development by all of the authors. P.B. and M.E.B. contributed with the analysis of the scientific literature and the definition of the stochastic programming formulations; A.V. analysed the case study and designed the implementation of the proposed models; G.C. ran all the computational experiments. All authors contributed to the organization of the paper including writing and proofreading.
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Appendix A. Nomenclature
In Table A1 , we report the main symbols used in the paper. 
